Abstract. We develop an approach to affine symplectic invariant geometry of Lagrangian surfaces by the method of moving frames. The fundamental invariants of elliptic Lagrangian immersions in affine symplectic four-space are derived together with their integrability equations. The invariant setup is applied to discuss the question of symplectic applicability for elliptic Lagrangian immersions. Explicit examples are considered.
Introduction
While the subject of metric invariants of Lagrangian submanifolds has received much attention in the literature, the subject of affine symplectic invariants of Lagrangian submanifolds has been less studied (cf. [21] for recent work in this direction). Early contributions to symplectic invariant geometry of submanifolds go back to Chern and Wang [10] , who studied submanifolds in projective (2n + 1)-space under the linear symplectic group. Some recent works related to the study of affine symplectic invariants, mainly for the case of curves and hypersurfaces in Euclidean space, include [11, 19, 1] . The aim of this paper is to develop an approach to affine symplectic invariant geometry of Lagrangian surfaces in standard affine symplectic four-space, using the method of moving frames. The invariant setup is then applied to discuss the problem of symplectic applicability for Lagrangian immersions.
Let M be a 2-dimensional manifold and let f : M → R 4 be a Lagrangian immersion into standard affine symplectic four-space (R 4 , Ω). The basic observation is that the natural Gauss map of f , whose value at a point is determined by the 1-jet of f at that point, takes values in the oriented Lagrangian Grassmannian of (R 4 , Ω), the manifold Λ of general type is elliptic (resp., hyperbolic, parabolic) if its Gauss map is a spacelike (resp., timelike, lightlike) immersion into Λ + 2 . In this work we study elliptic Lagrangian immersions in (R 4 , Ω) under the group R 4 ⋊Sp(4, R) of affine symplectic transformations. In Section 2, we collect the background material on affine symplectic frames and their structure equations, and briefly describe the conformal geometry of the Lagrangian Grassmannian Λ + 2 . In Section 3, we develop the moving frame method for elliptic Lagrangian immersions in affine symplectic geometry. If f : M → R 4 is an elliptic Lagrangian immersion, we consider on M the complex structure defined by the conformal structure induced by the Gauss map of f and a choice of orientation on M . After the third frame reduction, we make a successive reduction with respect to a fixed local complex coordinate in the Riemann surface M , which yields a unique adapted frame field along f . From this we derive the three local affine symplectic invariants for f , namely the complex-valued smooth functions t, h, p : M → C, and establish their integrability equations, which give the existence and uniqueness theorem for elliptic Lagrangian immersion in affine symplectic geometry. At this stage, a natural question to ask is to what extent the invariants are actually needed to determine the elliptic Lagrangian surface up to symmetry (cf. Bonnet's problem in Euclidean geometry). We will look at this problem from the classical point of view of applicable surfaces, a concept generalized byÉ. Cartan to G-deformations of submanifolds of any homogeneous space G/G 0 (cf. [12, 8, 9, 14, 17] ).
In Section 4, we apply the invariant setup to discuss rigidity and applicability of elliptic Lagrangian immersions. Already after the second reduction, we associate with any elliptic Lagrangian immersion f a cubic differential form F, the Fubini cubic form. Proposition 2 shows that the position of a generic elliptic Lagrangian immersion is completely determined by F, up to affine symplectic transformation. The elliptic Lagrangian immersions which are not determined by the Fubini cubic form alone are called applicable. Theorem 2 relates applicability to the complex structure of M , using the normalized Hopf differential H, a quadratic differential form naturally associated to any elliptic Lagrangian immersion with respect to third order frames. More precisely, it proves that an elliptic Lagrangian immersion is applicable if and only if there exists on M a non-zero holomorphic quadratic differential Q such that H and Q are linearly dependent over the reals at each point of M . An interesting consequence of this result is that applicable elliptic Lagrangian immersions admit an associated family of noncongruent elliptic Lagrangian immersions parametrized by R, which in turn suggests their integrable character. This is not surprising when one considers that the Gauss map of an applicable elliptic Lagrangian immersion is an isothermic spacelike immersion of Λ + 2 . Indeed, it is well known that a spacelike isothermic immersion in 3-dimensional conformal space comes in an associated family of (second order) deformations which coincide with the classical T -transforms of Bianchi and Calapso (cf. [22, 16, 24] ). The equations governing elliptic Lagrangian immersions are also derived. We then consider the class of elliptic Lagrangian surfaces with totally umbilic Gauss map. They are defined by the vanishing of the normalized Hopf differential H. Proposition 3 shows that, up to a biholomorphism of M , two noncongruent, totally umbilic, elliptic Lagrangian immersions are applicable. Finally, Proposition 4 proves that a complex curve in C 2 without flex points is a totally umbilic elliptic Lagrangian immersion and that, conversely, any totally umbilic elliptic Lagrangian immersion is congruent to a complex curve in C 2 without flex points.
Section 5 is devoted to the analysis of explicit examples of applicable non-totally umbilic elliptic Lagrangian immersions. 
where J = (J ij ) = 0 I 2 −I 2 0 , I 2 being the 2 × 2 identity matrix. The linear symplectic group is Sp(4, R) = {X ∈ GL(4, R) :
An element X ∈ Sp(4, R) is of the form
where A, B, C and D are 2 × 2 matrices such that
The Lie algebra of Sp(4, R) is
where S(2, R) is the vector space of 2 × 2 symmetric matrices endowed with the inner product of signature (2, 1) defined by
The affine symplectic group R 4 ⋊ Sp(4, R) is represented in GL(5, R) by
The Lie algebra of S(4, R) is given by
If S(P, X) ∈ S(4, R), we let X j , j = 1, . . . , 4, denote the column vectors of X. By an affine symplectic frame is meant a point P ∈ R 4 and four vectors X 1 , . . . , X 4 ∈ R 4 such that X = (X 1 , X 2 , X 3 , X 4 ) ∈ Sp(4, R). Upon choice of a reference frame, the manifold of all affine symplectic frames of R 4 Ω may be identified with the group S(4, R). Consider the tautological projection maps
where the τ j , θ i j are the left-invariant Maurer-Cartan forms of S(4, R). Exterior differentiation of Ω(X i , X j ) = J ij yields that θ is sp(4, R)-valued. We then write
Note that
is a basis for the vector space of the left-invariant 1-forms of S(4, R). Moreover, for each
yields the structure equations of the affine symplectic group:
and 
Oriented Lagrangian planes
makes Sp(4, R) into a principal fiber bundle with structure group
From this, it follows that the forms (γ 1 1 , γ 2 2 , γ 2 1 ) span the semibasic forms of the projection π Λ . Moreover, the symmetric quadratic form g = −γ 1 1 γ 2 2 + (γ 2 1 ) 2 and the exterior 3-form
are well defined on Λ + 2 , up to a positive multiple. They determine a conformal structure of signature (2, 1) and an orientation, respectively. 
be the set of all Lagrangian subspaces [X 1 ∧X 2 ] associated to ordered pairs of vectors
is a conformal diffeomorphism, and (U 0 , S) is a local chart of Λ + 2 . Note that
the set of Lagrangian subspaces which are transversal to W 0 = span {e 3 , e 4 }. 1 Let
, which can be interpreted as the ideal boundary of R 2,1 ∼ = U 0 . Note that U 0 and U 1 are orbits of the closed subgroup of Sp(4, R) that preserves the subspace W 0 .
Lagrangian immersions
Let f : M → R 4 be a smooth immersion of a connected 2-manifold, oriented by a volume element A. For any q ∈ M , let T f (q) be the 2-plane df (T q M ) translated to the origin and equipped with the orientation induced by −df (A| q ). 2
The resulting map
is the (symplectic) Gauss map of the Lagrangian immersion f .
Definition 2.
A Lagrangian immersion is said of general type (respectively, special type) if its Gauss map is an immersion (respectively, has constant rank one). Moreover, a Lagrangian immersion of general type is said elliptic (respectively, hyperbolic, parabolic) if its Gauss map is a spacelike (respectively, timelike, lightlike) immersion into Λ 3 Moving frames on elliptic Lagrangian immersions
Frame reductions and differential invariants
In this section, f : M → R 4 will denote an elliptic Lagrangian immersion with Gauss map T f . Since we are working with immersions which are not necessarily one-to-one, it is not restrictive to assume that M is simply connected.
Definition 3.
A symplectic frame field along f is a smooth map
from an open connected subset U ⊂ M such that the projection (1) composed with S is f , i.e.
Following the usual practice in the method of moving frames we will write φ instead of S * (φ) to denote forms on U which are pulled back from S(4, R) by the moving frame S. A symplectic frame field along f gives a local representation of the derivative map,
Let S : U → S(4, R) be a symplectic frame field along f . Any other symplectic frame field along f on U is given by
where Y : U → Sp(4, R) is a smooth map 3 . If Θ and Θ are the pull-backs of the Maurer-Cartan form of S(4, R) by S and S, respectively, then
First order frame f ields
A symplectic frame field S = S(f, X) : U → S(4, R) along f is of first order if
It is clear that first order frame fields exist locally. With respect to a first order frame, the 1-forms τ 3 and τ 4 vanish identically on U and
where τ 1 ∧ τ 2 < 0. If S is a first order frame field along f on U , then any other is given by
Calculated with respect to a first order frame field, the quadratic form g = −γ 1 1 γ 2 2 + (γ 2 1 ) 2 is positive definite. Under a change S = SY(A, b) of first order frames, it transforms by
and hence defines a conformal structure on M . On M , we will consider the unique complex structure compatible with the given orientation and the conformal structure defined by g. The 1-forms
are everywhere linearly independent and
is complex-valued of bidegree (1, 0). Moreover, there exist smooth functions ℓ 1 , ℓ 2 : U → R such that
Second order frame f ields
A first order frame field along f is of second order if it satisfies Proof . Let S : U → S(4, R) be any first order frame field along f . Let φ : U → (−π/2, π/2) be the smooth function defined by
and let A : U → GL + (2, R) be given by
Then Y(A, 0) : U → Sp(4, R) 1 is a smooth map. Let S = SY(A, 0). The transformation rule (4) gives γ = t AγA, from which we compute γ 1 1 + γ 2 2 = 0. This means that S is a second order frame field along f .
If S and S are second order frame fields on U , then S = SY(A, b), where A is a 2 × 2 matrix such that t AA = r 2 I 2 and det(A) > 0. The group of all such A identifies with the multiplicative group C * of nonzero complex numbers by
Let S be a second order frame field along f . We know that the complex-valued 1-form ω = ω 1 + iω 2 is of bidegree (1, 0) and never zero. Differentiating the equations τ 3 = τ 4 = 0 and using the structure equations, we find that
which, by Cartan's Lemma, implies that
for some smooth function t = t 1 + it 2 : U → C. The 1-form τ is of bidegree (1, 0) and never zero.
Under a change of second order frame fields S = SY(re is , b), the forms ω and τ transform by
This implies that
Thus τ 2 ω is independent of the choice of second order frame field and is never zero. Next, consider the complex-valued 1-form
Differentiation of γ 1 1 + γ 2 2 = 0, combined with the structure equations, gives
which, by Cartan's Lemma, implies that η = hω + ℓω for some smooth functions h = h 1 + ih 2 : U → C and ℓ : U → R.
Third order frame f ields
Under a change S = SY(re is , b) of second order frame fields, the 1-form η transforms by
This implies that locally there exist second order frame fields satisfying ℓ = 0. Such frame fields are said of third order. If S and S are third order frame fields on U , then S = SY(re is , b) where tr (b) = 0. With respect to a third order frame field, the 1-form η is of bidegree (1, 0) and transforms by
Definition 5. According to (5) and (6), the differential forms
are globally defined on M , independent of the choice of third order frames. We call B the Thomsen quadratic form and H the normalized Hopf differential of f .
Remark 2. The invariant form B amounts to the metric induced on M by the conformal Gauss map [5] (or central sphere congruence [4] ) of the spacelike conformal immersion T f : M → Λ + 2 . The invariant form H is instead a normalization of the Hopf differential of T f .
Adapted frame fields
Definition 6. Let (U, z) be a complex parameter on M . A third order frame field S : U → S(4, R) along f is adapted to (U, z) if
Proposition 1. Let (U, z) be a complex parameter on M . There exist third order frame fields along f adapted to (U, z). If S and S ′ are two such frame fields, then S ′ = ±S.
Proof . Let q 0 ∈ U and let S ′ : V → S(4, R) be any third order frame field defined on a simply connected open neighborhood V ⊂ U of q 0 . On V there exist real-valued functions r, ϑ : V → R such that ω ′ = r 2 e −2iϑ dz. Define S ′′ = S ′ Y(r −2 e 2iϑ , 0). Then, S ′′ is a third order frame field such that ω ′′ = dz. Two such frame fields are related by
where b : V → S(2, R) is a smooth map such that tr (b) = 0. From the structure equations we find that
for some smooth function w :
If we choose b such that 2(b 1 1 − ib 2 1 ) = −w, then S ′′ satisfies
This shows that adapted frame fields do exist locally near any point of U . Moreover, two such frames S and S ′ on V are related by S ′ = ±S. The existence of an adapted frame on U follows from the fact that U is simply connected.
Invariant functions and integrability equations
Let S : U → S(4, R) be a frame field adapted to (U, z). Then
for smooth functions t = t 1 + it 2 : U → C and h = h 1 + ih 2 : U → C. Define υ and ρ by
The structure equations (2) imply
and
for some smooth function p = p 1 + ip 2 : U → C.
Definition 7. The functions t, h and p defined by (8) and (10) are called the invariant functions of the frame field along f adapted to (U, z). These functions are subject to the equations
Remark 3. From (11) it follows that
where N :=τ τ ηω is an invariant form. The form B, H and N are completely determined by the Fubini cubic form.
Theorem 1 (Existence). Let (U, z) be a complex parameter on M . Let t : U → C, h : U → C and p : U → C be smooth functions satisfying the equations (11) . Then there exist an elliptic Lagrangian immersion f : U → R 4 , unique up to affine symplectic transformation, and a unique frame field S : U → S(4, R) along f adapted to (U, z) whose invariant functions are t, h and p, i.e.
Proof . Let 
Symplectic applicability
In this section we investigate the extent to which the invariants are really needed to determine an elliptic Lagrangian immersion up to symmetry. We take the point of view of surface applicability as in classical projective differential geometry and Lie sphere geometry [12, 8, 9, 4, 23, 18 ].
Generic Lagrangian immersions
Suppose that H, the normalized Hopf differential, is never zero. Then the Hermitian form
is well defined, independent of the choice of the complex parameter (U, z) and of the adapted frame (the reason for considering this form will be clear in the proof of the next proposition).
Definition 8. An elliptic Lagrangian immersion f : M → R 4 is called generic if H(q) = 0 and P(q) = 0, for each q ∈ M .
Proposition 2. A generic elliptic Lagrangian immersion is uniquely determined, up to affine symplectic transformation, by the Fubini cubic form.
Proof . Fix a complex parameter (U, z) and choose an adapted frame field S : U → S(4, R). If h = 0, then (11) implies the existence of a unique real-valued function s : U → R such that
where
Differentiating this identity and using
Differentiation of (13) gives
If P 2 (h) = 0, then
Therefore, for a generic elliptic Lagrangian immersion (i.e. h = 0 and P 2 (h) = 0), the functions h and p are determined by the Fubini cubic form. Thus, a generic f is uniquely determined, up to symplectic congruence, by its Fubini cubic form.
Applicable elliptic Lagrangian immersions
In this section we investigate the special class of surfaces which are not determined by the Fubini cubic form alone. 
Theorem 2. An elliptic Lagrangian immersion f : M → R 4 is applicable if and only if there exists a non-zero holomorphic quadratic differential
Proof . First, we consider the case H ≡ 0. Then, F is a never vanishing holomorphic cubic differential. Since M is simply connected, M is either the complex plane or the unit disk. In both cases, there exist a global complex coordinate z : M → C and a global adapted frame field S : M → S(4, R) with invariant functions t : M → C, h = 0 and p : M → C. Consider a non-zero holomorphic differential Q = λ dz 2 and set p = p − λ. The functions t, h = 0 and p satisfy equations (11) . The corresponding f has F = F, but is not congruent to f . We now examine the case H = 0. Let f , f be two noncongruent elliptic Lagrangian immersions inducing the same Fubini cubic forms. Let S, S : U → S(4, R) be the corresponding adapted frame fields with respect to a fixed complex parameter (U, z). Since t = t, equations (11) imply that h = h and that p − p is a non-zero holomorphic function satisfying
Then, Q U = (p− p)dz 2 is a non-zero holomorphic quadratic differential on U such that H∧ R Q U = 0. Let ( U , z) be another complex parameter and let QÛ be the corresponding holomorphic quadratic differential. The equations H ∧ R Q U = 0 and H ∧ R QÛ = 0 imply that Q = λ UÛ Q on U ∩ U = ∅, where λ UÛ is a real-valued, locally constant function. The functions {exp λ UÛ }, defined on each ordered pair (U, U ) when U ∩ U = ∅, generate an R + -valued 1-cocycle on M , which is trivial because M is simply connected. Therefore, there exists a globally defined nonzero holomorphic quadratic differential Q ′ such that Q U = Q ′ | U , for every (U, z).
Conversely, suppose there exists a non-zero holomorphic quadratic differential Q such that H ∧ R Q = 0. This implies that M is either C or the unit disk. Let z be a global complex coordinate on M and let S : M → S(4, R) be the associated adapted frame field. Set Q = w dz 2 , where w = w 1 + iw 2 is a holomorphic non-zero function. Now, the invariant functions t, h and p, calculated with respect to S, satisfy (11) . Since H ∧ R Q = 0, that is w 1 h 2 − w 2 h 1 = 0, also t, h and p = p − w satisfy (11) . The corresponding elliptic Lagrangian immersions f , f : M → R 4 are applicable.
Remark 6. If H = 0, then equation H ∧ R Q = 0 determines Q up to a real constant multiple. For each λ ∈ R, define the invariant functions t λ = t, h λ = h and p λ = p − λ. It is clear that t λ , h λ and p λ satisfy the integrability equations (11) . Therefore, up to affine symplectic transformation, there exists a unique f λ with F λ = F. As p λ are distinct for distinct values of λ, the immersions f λ are noncongruent for distinct values of λ. This shows that applicable elliptic Lagrangian immersions come in 1-parameter families.
Interestingly enough, away from the points where h vanishes (umbilics), the Gauss map of an applicable elliptic Lagrangian immersion f is an isothermic spacelike immersion. Moreover, the Gauss maps of the 1-parameter family of associates to f are the T -transforms of Bianchi and Calapso of γ f (cf. [7, 3, 16] ).
Remark 7. The 1-parameter family of associates to an applicable elliptic Lagrangian immersion are related to its second order affine symplectic deformations. We will not discuss this issue here. We just recall that two elliptic Lagrangian immersions f,f : M → R 4 are second order affine symplectic deformations of each other if there exists a smooth map D : M → S(4, R) such that, for each q ∈ M , the Taylor expansions about q of D(q)f and f agree through second order terms. For the general notion of applicability and deformation in homogeneous spaces we refer the reader to [14, 17] .
The differential equations of applicable Lagrangian immersions
Let f : M → R 4 be an applicable elliptic Lagrangian immersion and let Q be a non-zero holomorphic quadratic differential on M such that H ∧ R Q = 0. If we suppose that Q never vanishes, we can choose a complex coordinate (U, z) such that Q = dz 2 . Let S : U → S(4, R) be a frame field along f adapted to (U, z) with invariant functions t, h and p. Now, the equation H ∧ R Q = 0 implies that h is real valued.
Next, in analogy with [6, 24] we deduce the differential equations satisfied by the invariant functions of an elliptic Lagrangian immersion. With respect to the adapted frame field S, we have
where h is a real-valued function. From (2), we compute
Using (3), we find
Thus, calculated with respect to a complex parameter z such that Q = dz 2 , the integrability equations of an applicable elliptic Lagrangian immersion are
If (t, h, p 2 ) is a solution of this system, the 1-form
then t, h and p = p 1 + ip 2 give a solution of (11) . Thus, up to congruence, there exists a unique elliptic Lagrangian immersion f : M → R 4 with invariant functions t, h and p. Different choices of the primitive p 1 yield the family of associate immersions applicable to f .
Totally umbilic Lagrangian immersions
Definition 10. An elliptic Lagrangian immersion f is called totally umbilic if its Hopf differential H vanishes identically, or, equivalently, h vanishes identically. This terminology is based on the observation that H ≡ 0 if and only if the Gauss map T f of f is a totally umbilic spacelike immersion (cf. [5] ).
Remark 8. Note that f is totally umbilic if and only if its Fubini cubic form F is holomorphic (cf. (12)). In this case, M is either the complex plane or the unit disk. Therefore, there exists a global parameter z on M and a global adapted frame field S : M → S(4, R) along f . 
Complex curves and Lagrangian immersions
On R 4 , consider the complex structure defined by the identification of R 4 with C 2 given by
Then, any complex line generates a Lagrangian plane, which implies that a complex immersion f : M → R 4 ≃ C 2 is automatically Lagrangian. Let ISL(2, C) ∼ = C 2 ⋊ SL(2, C) be the inhomogeneous group associated with the unimodular complex group SL(2, C). The group ISL(2, C) can be realized as a closed subgroup of S(4, R) by
where, if we write A ∈ SL(2, C) in the form
The Lie algebra isl(2, C) identifies with the Lie subalgebra of s(4, R) consisting of all S(p, x) ∈ s(4, R) such that 
The precise relation between complex curves and elliptic Lagrangian immersions is summarized in the following statement. Proof . Let f be a complex curve without flex points. We already observed that f is Lagrangian. Moreover, since f has no flex points, it is also elliptic. To prove that f is totally umbilic, we have just to observe that the Maurer-Cartan form of an adapted frame along f with respect to a given complex parameter takes values in isl(2, C). The defining conditions (7) for an adapted frame, combined with (15) , yield that the invariant h vanishes identically, and hence f is totally umbilic.
Conversely, let f be a totally umbilic elliptic Lagrangian immersion. For a fixed complex parameter z : M → C, let S : M → S(4, R) be an adapted frame field along f . Since f is totally umbilic, using (8), (9) and (10), we find that
This implies that S −1 dS is an isl(2, C)-valued 1-form of bidegree (1, 0), which implies that there exists an element D ∈ S(4, R) such that DS is holomorphic and takes values in ISL(2, C). Therefore, Df is a complex curve without flex points.
Remark 9. Let f : M → C 2 be a complex curve. Possibly replacing f with Df , for some D ∈ S(4, R), the homogeneous part X : M → SL(2, C) of the frame field adapted to a complex coordinate z satisfies
In particular, f can be obtained by integrating the first column vector of X, i.e.
Note that X : M → SL(2, C) is a contact complex curve in SL(2, C). This shows that totally umbilic Lagrangian surfaces are strictly related to the geometry of flat fronts in hyperbolic 3-space [13, 20] . For a fixed choice of the complex parameter, let X λ : M → SL(2, C) be so that
Then, the 1-parameter family of complex curves f λ obtained by integrating the first column vector of X λ are not congruent to each other and are all applicable over f .
Examples
The simplest non-umbilic solutions of (14) are given by taking h and p real constants. Possibly rescaling the complex parameter z by a real constant, we may assume h = 1. The only equation to be solved is then tz =t.
The homogeneous part of the Maurer-Cartan form of the adapted frame S is
where A, B ∈ sp(4, R) are given by If t = t 1 + it 2 is a solution of tz =t, that is (t 1 ) x − (t 2 ) y = t 1 , (t 1 ) y + (t 1 ) x = −t 2 , then the R 4 -valued 1-form Y 1 dx + Y 2 dy = (t 1 X 1 − t 2 X 2 )dx − (t 2 X 1 + t 1 X 2 )dy is closed and the corresponding Lagrangian immersion f can be computed by solving
This is an elliptic Lagrangian immersion with Fubini's cubic form F = t 2 dz 3 . For a fixed t and p = 2, we have the 1-parameter family of applicable immersions. Explicit solutions of tz =t can be obtained with the ansatz t 1 (x, y) = v 1 (x) + w 1 (y), t 2 (x, y) = v 2 (x) + w 2 (y).
We then have These provide explicit examples of elliptic Lagrangian immersions with the same Gauss map but which are not applicable and of applicable non-umbilic elliptic Lagrangian immersions. Note that for p > 2 some of the hyperbolic functions transform into trigonometric functions.
